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Upper bounds for geodesic periods over rank one locally
symmetric spaces
Jan Mo¨llers Feng Su
Abstract
We prove upper bounds for geodesic periods of automorphic forms over general rank
one locally symmetric spaces. Such periods are integrals of automorphic forms restricted
to special totally geodesic cycles of the ambient manifold and twisted with automorphic
forms on the cycles. The upper bounds are in terms of the Laplace eigenvalues of the two
automorphic forms, and they generalize previous results for real hyperbolic manifolds to
the context of all rank one locally symmetric spaces.
Introduction
Estimating the restriction of a Laplace eigenfunction f on a Riemannian manifold X to a
compact submanifold Y is a classical problem in partial differential equations and global
analysis. There are various types of restriction problems, for example, one may estimate Lp-
norms (0 < p ≤ ∞) of the restriction f |Y in terms of the eigenvalue of f . A more refined
quantity in the case p = 2 are the Fourier coefficients of f |Y with respect to an orthonormal
basis of Laplace eigenfunctions g in L2(Y ). Each Fourier coefficient is given by an integral
PY (f, g) of f |Y against g, and one can ask for estimates in terms of the eigenvalues of f and
g.
In the context of locally symmetric spaces, the integrals PY (f, g) are also called periods
and they carry important arithmetic information of f and g. One instance of this is when
X is an arithmetic hyperbolic surface and Y a closed geodesic, in which case the period
integrals PY (f, g) are proportional to special L-values via Waldspurger’s formula. In a series
of papers, J. Bernstein and A. Reznikov [2–4,11,12] studied various types of period integrals
for automorphic forms on hyperbolic surfaces in connection with the representation theory
of the corresponding isometry groups of the universal coverings of X and Y . More recently,
their techniques were generalized to the case of higher-dimensional real hyperbolic manifolds
by the authors [8, 13], where estimates for PY (f, g) either in terms of the eigenvalue of f or
in terms of the eigenvalue of g were obtained.
In this work we try to extend the techniques by Bernstein–Reznikov even further and
study period integrals for arbitrary locally symmetric spaces X of rank one. In this context,
we obtain estimates for PY (f, g) in terms of the eigenvalue of f and g, for compact totally
geodesic cycles Y of a particular form. This includes real, complex and quaternionic hyperbolic
manifolds X as well as quotients of the 16-dimensional octonionic plane in which case Y is
an 8-dimensional real hyperbolic submanifold.
2Statement of the results. Let X be a connected locally symmetric space of rank one.
Then the universal cover X˜ of X is isomorphic to the hyperbolic space Hn
F
over F, where
F = R,C,H (n ≥ 2) or F = O (n = 2). The real dimension of X is equal to N = nd, where
d = dimR F. We can write X = Γ\HnF for some discrete torsion-free subgroup Γ ⊆ Isom(HnF )
of the isometry group of Hn
F
. The space X is a complete Riemannian manifold and we denote
by dx the Riemannian volume element of X and by ∆X the Laplacian on X. Then ∆X is a
self-adjoint operator on L2(X) = L2(X, dx).
Consider a compact totally geodesic cycle Y ⊆ X of the form Y = (Γ ∩ Isom(Hm
F
))\Hm
F
(1 ≤ m < n), whereHm
F
is naturally embedded intoHn
F
. WriteM = md for the real dimension
of Y , dy for its Riemannian volume element and ∆Y for the Laplacian on Y .
Let f be a normalized square integrable Laplace eigenfunction on X with eigenvalue
a ≥ 0, i.e. ∆Xf = af . Then f is smooth by elliptic regularity. Integrating the restriction
f |Y of f to Y against a normalized eigenfunction g ∈ L2(Y ) of ∆Y with eigenvalue b ≥ 0, i.e.
∆Y g = bg, defines a period integral
PY (f, g) =
∫
Y
f(y)g(y) dy,
called geodesic period. Since Y is compact, the integral always converges absolutely. We are
interested in the asymptotic behavior of PY (f, g) as the eigenvalues of f and g grow. Let
{gj}j be an orthonormal basis of L2(Y ) consisting of Laplace eigenfunctions with eigenvalues
0 = b0 < b1 ≤ b2 ≤ . . .. Then the period integrals PY (f, gj) are the Fourier coefficients of the
expansion of f |Y into the basis {g¯j} of L2(Y ).
To simplify the statement of our main result, define the modified period
PY (f, g) = |a− b|−
N−M−2
4 e
pi
2
√
|a−b|PY (f, g).
We shall prove the following:
Theorem A. There exists a constant C = CΓ > 0 such that∑
bj≤T
|PY (f, gj)|2 ≤ C · a−
N−2
2 epi
√
a · T N−12 ∀ f with a ≤ T.
For the case where one of the two eigenfunctions f and g is fixed, Theorem A implies the
following bounds for the original geodesic periods PY (f, g):
Corollary B. (1) For a fixed Laplace eigenfunction f ∈ L2(X) there exists a constant C =
CΓ,f > 0 such that
|PY (f, gj)| ≤ C · b
2N−M−3
4
j e
−pi
2
√
bj as j →∞.
(2) For a fixed Laplace eigenfunction g ∈ L2(Y ) there exists a constant C = CΓ,g > 0 such
that
|PY (f, g)| ≤ C · a
N−M−1
4 ∀ f.
We remark that our results hold for all locally symmetric spaces of rank one (not neces-
sarily compact), in particular also for quotients X of the octonionic plane H2
O
in which case
Y is a compact 8-dimensional hyperbolic manifold.
3Relation to previous work. Let us compare our results to the existing literature:
• Burq–Ge´rard–Tzvetkov [5] estimated the Lp-norm (2 ≤ p ≤ ∞) of f |Y for general
compact Riemannian manifolds X and compact submanifolds Y . The resulting bound
for a single period is weaker than Corollary B (2), which is to be expeceted as our results
are for a very special family of Riemannian manifolds.
• Zelditch [14] estimated asymptotics of the period PY (f, 1) (i.e. g is a constant function)
where X is a compact Riemannian manifold and Y is any compact submanifold. The
resulting bound for PY (f, 1) is the same as in Corollary B (2).
• Mo¨llers–Ørsted [8] estimated the period PY (f, g) where X is a real hyperbolic manifold
(not necessarily compact) and Y a special totally geodesic cycle of any dimension. In
their work the form f is fixed and g varies, and the obtained bound is a special case of
Corollary B (1).
• Su [13] estimated the period PY (f, g) where X is a hyperbolic manifold (not necessarily
compact) and Y a special totally geodesic cycle of codimension 1. Here the form f
varies and g is fixed, and the obtained bound is a special case of Corollary B (2).
Method of proof. Each automorphic form f ∈ L2(Γ\Hn
F
) corresponds to an irreducible
unitarizable representation πf of the isometry group G = U(1, n;F) of the hyperbolic space
Hn
F
. Then H = U(1,m;F) × U(n − m;F) ⊆ G is the subgroup of isometries leaving the
hyperbolic subspace HmF ⊆ HnF invariant, and automorphic forms g ∈ L2((Γ ∩ H)\HmF )
correspond to certain irreducible unitarizable representations τg of H. The period integral
PY (f, g) can be interpreted as the special value of an H-invariant bilinear form on the product
of πf and τg. In this context, invariant bilinear forms are unique up to scalars and can
therefore be related to invariant bilinear forms on explicit models of the representations πf
and τg. Such model forms are constructed in [9] for principal series representations in terms
of explicit integral kernels, so that the period integrals PY (f, g) can be written as the product
of a certain explicit model integral and a proportionality scalar relating the two invariant
bilinear forms (an idea due to Bernstein–Reznikov). Whereas the proportionality scalar can
be estimated by standard techniques (see Section 4), the evaluation of the model integral is
the key computation in this paper (see Section 3).
Structure of the paper. In Section 1 we give a group-theoretic description of locally sym-
metric spaces of rank one and their special totally geodesic cycles. Also we introduce the
automorphic invariant bilinear forms arising from geodesic periods. In Section 2 we recall
the structure and representation theory of rank one groups. The non-compact models of the
representations and invariant bilinear forms on these models are discussed. The geodesic pe-
riods are expressed as a product of a special value of the model invariant bilinear form and a
proportionality scalar. The latter two objects are dealt with in Section 3 and 4, respectively.
The necessary integral formulas used in Section 3 are summarized in the Appendix.
41. Geodesic periods on rank one locally symmetric spaces
1.1. Locally symmetric spaces of rank one. Let X be a connected locally symmetric
space of rank one. Then its universal covering X˜ is a globally symmetric space of rank one
and hence of the form X˜ = G/K, where G = U(1, n;F) with F = R,C,H (n ≥ 2) or F = O
(n = 2) and K = U(1;F)×U(n;F) the standard maximal compact subgroup of G. The group
G acts on X˜ by isometries, and conversely every isometry of X˜ is given by an element of G.
We can therefore identify the fundamental group Γ = π1(X) of X with a torsion-free discrete
subgroup of G so that X = Γ\G/K.
The symmetric space X˜ is a Riemannian manifold with the metric induced by the Killing
form κ on the Lie algebra g of G which we normalize to be
κ(X,Y ) =
1
2
Tr(XY ∗), X, Y ∈ g.
This metric descends to X and gives rise to a Riemannian measure dx of X. Denote by ∆X
the Laplacian on X determined by the Riemannian metric. Then ∆X extends to a self-adjoint
operator on L2(X).
1.2. Automorphic representations. Every eigenfunction f ∈ L2(X) of ∆X is automati-
cally smooth since ∆X is an elliptic operator. In view of the isomorphism L
2(X) ≃ L2(Γ\G)K
we can regard f as a right-K-invariant L2-function on Γ\G. The space Γ\G is equipped with a
G-invariant Radon measure that descends to dx (so that the quotient integral formula holds).
Thus the action of G given by right translation induces a unitary representation of G on
L2(Γ\G). The closed subspace generated by all translates of f is an irreducible subrepresen-
tation of L2(Γ\G), in which f is the (up to scalar multiples) unique K-invariant vector.
Write Vf ⊆ L2(Γ\G) for the space of smooth vectors of the subrepresentation generated
by f , and πf for the action of G on Vf . Since the Lie algebra g of G acts on Γ\G by vector
fields, we have Vf ⊆ C∞(Γ\G) by the Sobolev Embedding Theorem.
1.3. Geodesic cycles. For G = U(1, n;F) we consider subgroups of the formH = U(1,m;F)×
U(n−m;F) (1 ≤ m ≤ n−1). Note that for G = U(1, 2;O) = F4(−20) we have H = Spin(8, 1).
Then (G,H) forms a symmetric pair. More precisely, H = Gσ is the fixed point subgroup of
the involution σ of G given by conjugation with the element diag(1m+1,−1n−m). The inter-
section KH = K ∩H = U(1;F)×U(m;F)×U(n−m;F) is a maximal compact subgroup of H
and H/KH a rank one Riemannian symmetric space. The natural embedding H/KH →֒ G/K
identifies H/KH with a totally geodesic submanifold of G/K.
Assume that σΓ = Γ, then the intersection ΓH = Γ∩H = Γσ ⊆ Γ is a torsion-free discrete
subgroup of H and the rank one locally symmetric space Y = ΓH\H/KH can be viewed as a
totally geodesic submanifold of X. We denote by dy the corresponding Riemannian measure
on Y and by ∆Y the Laplacian.
Like in the case of X, every eigenfunction g of ∆Y generates an irreducible subrepresen-
tation of L2(ΓH\H) whose subspace of smooth vectors is denoted by Wg ⊆ C∞(ΓH\H). We
write τg for the action of H on Wg.
51.4. Geodesic periods. Let f ∈ L2(X) be a Maass form on X, i.e. f is a square integrable
eigenfunction of ∆X . Write ∆Xf = af where a ≥ 0. Let g ∈ L2(Y ) be a Maass form on Y
such that ∆Y g = bg where b ≥ 0. Assuming that Y is compact, the period integral
PY (f, g) =
∫
Y
f(y)g(y) dy
converges absolutely. The purpose of this paper is to find estimates for PY (f, g) in terms of
a and b. Throughout the paper we normalize f and g such that ‖f‖L2(X) = ‖g‖L2(Y ) = 1.
1.5. Automorphic invariant bilinear forms. We can view PY (f, g) as the special value
of an invariant bilinear form on Vf ×Wg. More precisely, define
ℓautf,g : Vf ×Wg → C, (φ,ψ) 7→
∫
ΓH\H
φ(h)ψ(h) dh,
where dh denotes the H-invariant measure on ΓH\H that descends to dy, then
PY (f, g) = ℓ
aut
f,g (f, g).
The integral above always converges since φ, ψ are smooth and ΓH\H is compact. As a
consequence of the H-invariance of dh, the bilinear map ℓautf,g is invariant under the action
πf |H ⊗ τg of H, i.e.
ℓautf,g ∈ HomH(πf |H ⊗ τg,C).
2. Representation theory of rank one reductive groups
We recall the classification of spherical unitary representations of the rank one groups G =
U(1, n;F), F = R,C,H,O. For the subgroups H = U(1,m;F) × U(n −m;F) we describe the
H-invariant bilinear forms on products of such representations of G and H as obtained in [9].
2.1. Group decompositions. Let a = RH0 ⊆ g with
H0 =
 0 11 0
0n−1
 ∈ g,
then ad(H0) acts on g with eigenvalues {0,±1} for F = R, and eigenvalues {0,±1,±2} for
F = C,H,O. Let α ∈ a∗
C
be given by α(H0) = 1 and put
n = gα + g2α, n = g−α + g−2α.
Note that g±2α = {0} for F = R. Denote by A = exp(a), N = exp(n) and N = exp(n) the
corresponding analytic subgroups of G. We identify Fn−1 ⊕ ImF ≃ N by
(x, z) 7→ n(x,z) = exp
 z z x∗−z −z −x∗
x x 0n−1
 =
 1 + z + 12 |x|2 z + 12 |x|2 x∗−z − 12 |x|2 1− z − 12 |x|2 −x∗
x x 1n−1
 .
6Then
n(x,z) · n(x′,z′) = n(x,z)·(x′,z′),
where
(x, z) · (x′, z′) = (x+ x′, z + z′ + 12(x∗x′ − x′ ∗x)).
In particular, n−1(x,z) = n(−x,−z). Further, let
M = ZK(A) = {diag(z, z, k) : z ∈ U(1;F), k ∈ U(n− 1;F)} ≃ U(1;F) ×U(n− 1;F),
then P = MAN is a (minimal) parabolic subgroup of G. Let ρ = 12 Tr ad|n be the half sum
of positive roots.
We have the Iwasawa decomposition G = KAN ≃ K × A × N and therefore, for every
g ∈ G there exists a unique H(g) ∈ a such that g ∈ KeH(g)N . An easy computation shows
that
H(n(x,z)) = ((1 + |x|2)2 + 4|z|2)
1
2H0, (x, z) ∈ Fn−1 ⊕ ImF.
The subset NMAN ≃ N ×M ×A×N is open and dense in G, according to the Bruhat
decomposition.
2.2. The symmetric pair. The parabolic subgroup P is compatible with the subgroup H
in the sense that PH = P ∩H is a (minimal) parabolic subgroup of H. In fact, PH =MHANH
with MH = M ∩H and NH = N ∩H. Let ρH = 12 Tr ad|nH . The opposite nilradical NH of
N identifies with Fm−1⊕ ImF under the isomorphism Fn−1⊕ ImF ≃ N , where Fm−1 ⊆ Fn−1
as the first m− 1 coordinates.
2.3. Principal series representations. Identify a∗
C
≃ C by λ 7→ λ(H) so that ρ = 12((n −
1)d+2(d−1)) = 12(nd+d−2), where d = dimR F. For λ ∈ a∗C we consider the principal series
representations (smooth normalized parabolic induction)
πλ = Ind
G
P (1⊗ eλ ⊗ 1).
Since NMAN is open dense in G, any smooth right-P -equivariant function on G is uniquely
determined by its values on N . We can therefore realize πλ on a space I(λ) of smooth functions
on N ≃ Fn−1 ⊕ ImF. More precisely, we have S(N) ⊆ I(λ) ⊆ C∞(N) where S(N) denotes
the space of Schwarz functions on N . The K-spherical vector in I(λ) is given by the function
φλ(x, z) = ((1 + |x|2)2 + 4|z|2)−
λ+ρ
2 , (x, z) ∈ Fn−1 ⊕ ImF.
The representation πλ is irreducible and unitarizable if and only if λ ∈ iR ∪ (−R,R),
where the constant R is given by
R =
{
ρ for F = R,C,
1
2((n − 1)d+ 2) for F = H,O.
For λ ∈ iR the invariant inner product on πλ is the L2-inner product of L2(Fn−1⊕ ImF) with
respect to the Lebesgue measure on Fn−1 ⊕ ImF ≃ R(n−1)d+(d−1) = Rnd−1. The irreducible
7unitary representations of G with a non-zero K-spherical vector are precisely the unitary
completions of πλ (where λ ∈ iR ∪ (−R,R)) together with the trivial representation. Note
that πλ ≃ π−λ for those parameters.
If now f ∈ L2(X) is an eigenfunction of the Laplacian ∆X , then πf is an irreducible
unitarizable representation with K-spherical vector f , hence πf ≃ πλ for some λ ∈ iR ∪
(−R,R) or πf is the trivial representation. The parameter λ is related to the eigenvalue a of
f by
a = ρ2 − λ2.
For the subgroup H we denote by τν (ν ∈ a∗C ≃ C) the corresponding principal series
representation, realized on a space J(ν) of smooth functions on NH ≃ Fm−1⊕ImF containing
the spherical vector
ψν(y,w) = ((1 + |y|2)2 + 4|w|2)−
ν+ρH
2 , (y,w) ∈ Fm−1 ⊕ ImF,
where ρH =
1
2(md+ d− 2)
2.4. Model invariant bilinear forms. In [9] intertwining operators in HomH
(
πλ|H , τν
)
were constructed and shown to be generically unique (see also [7] for a much more thorough
treatment of the special case where F = R and m = n− 1). We briefly review the results and
show how they give rise to invariant bilinear forms on I(λ)× J(ν). Let Kλ,ν be the function
on N ×NH given by
Kλ,ν((x, z), (y,w)) = N ((−x,−z) · (y,w))−2(ν+ρH )|x2|(λ−ρ)+(ν+ρH ),
where
N (x, z) = (|x|4 + 4|z|2) 14
and x = (x1, x2) ∈ Fm−1 ⊕ Fn−m = Fn−1. Then the operator Aλ,ν : I(λ)→ J(ν) given by
Aλ,νu(y,w) =
∫
N
Kλ,ν((x, z), (y,w))u(x, z) d(x, z)
is intertwining for the action of H and depends meromorphically on (λ, ν) ∈ C2. For (λ +
ρ) + (±ν − ρH) /∈ (−2N) it was shown in [9, Theorem 4.1] that dimHomH(πλ|H , τν) = 1 and
the space of intertwining operators is spanned by Aλ,ν or its regularization.
In view of the isomorphism HomH
(
πλ|H , τν
) ∼= HomH(πλ|H ⊗ τ−ν ,C), the bilinear form
ℓmodλ,ν : I(λ)× J(ν)→ C given by
ℓmodλ,ν (u, v) =
∫
NH
Aλ,−νu(y,w) · v(y,w) d(y,w)
=
∫
N
∫
NH
Kλ,−ν((x, z), (y,w))u(x, z)v(y,w) d(y,w) d(x, z),
is invariant for the diagonal action of H by πλ|H ⊗ τν. Further, the uniqueness statement for
intertwining operators implies the following uniqueness statement for invariant bilinear forms:
8Theorem 2.1. Let (G,H) = (U(1, n;F),U(1,m;F)×U(n−m;F)), then the space HomH(πλ|H⊗
τν ,C) of invariant bilinear forms is one-dimensional if (λ + ρ) + (±ν − ρH) /∈ (−2N) and
spanned by ℓmodλ,ν or its regularization.
In particular, H-invariant bilinear forms are unique if λ, ν ∈ iR. In this case, the integral
converges absolutely and no regularization is necessary.
2.5. Proportionality. Let f ∈ L2(X) and g ∈ L2(Y ) be Laplace eigenfunctions and let
πf and τg be the corresponding irreducible representations of G and H. We fix equivariant
isometric isomorphisms
θ : I(λ)→ Vf , u 7→ θu and η : J(ν)→Wg, v 7→ ηv
which map the spherical vectors φλ and ψν to f and g. Assuming that λ, ν ∈ iR, both ℓautf,g
and ℓmodλ,ν are H-invariant bilinear forms on πf ⊗ τg ≃ πλ ⊗ τν, so that Theorem 2.1 implies
the existence of a proportionality constant bf,g ∈ C such that
ℓautf,g (θu, ηv) = bf,g · ℓmodλ,ν (u, v) ∀u ∈ I(λ), v ∈ J(ν).
In particular,
PY (f, g) = ℓ
aut
f,g (f, g) = bf,g · ℓmodλ,ν (φλ, ψν). (2.1)
In the Section 3 we compute explicitly the special value ℓmodλ,ν (φλ, ψν). In Section 4 we derive
estimates for the proportionality constants bf,g. Together these work implies Theorem A.
3. Special values of model invariant bilinear forms
In this section we compute the special value ℓmodλ,ν (φλ, ψν) of the model invariant bilinear form
ℓmodλ,ν at the spherical vectors φλ ∈ I(λ), ψν ∈ J(ν).
Theorem 3.1. There exists a constant c > 0 depending only on m, n and d such that
ℓmodλ,ν (φλ, ψν) = c ·
Γ(λ+ρ+12 )Γ(
λ+ρ−ν−ρH
2 )Γ(
λ+ρ+ν−ρH
2 )
Γ(λ+ρ−d+22 )Γ(λ+ ρ)
.
Remark 3.2. For F = R the above integral was first computed in [8, Proposition 3.1] (see
also [7] for the special case where m = n− 1).
From the well-known Stirling formula
Γ(a+ ib) =
√
2π|b|a−1/2e−pi2 |b|(1 +O(|b|−1)), as |b| → ∞,
it follows that for fixed a > 0 there exist c1, c2 > 0 such that
c1(1 + |b|)a−1/2e−
pi
2
|b| ≤ |Γ(a+ ib)| ≤ c2(1 + |b|)a−1/2e−
pi
2
|b| ∀ b ∈ R.
Applied to Theorem 3.1 this yields the following asymptotics for ℓmodλ,ν (φλ, ψν):
Corollary 3.3. For λ, ν ∈ iR we have
|ℓmodλ,ν (φλ, ψν)| ∼ (1 + |λ|)1−n
d
2 (1 + |λ2 − ν2|)(n−m)d4− 12 epi2 |λ|e−pi4 (|λ+ν|+|λ−ν|).
93.1. Reformulation using intertwining operators. As noted in Section 2.4 we have
ℓmodλ,ν (φλ, ψν) =
∫
NH
Aλ,−νφλ(y,w) · ψν(y,w) d(y,w).
The intertwining operator Aλ,−ν : I(λ)→ J(−ν) maps the K-invariant vector φλ ∈ I(λ) to a
scalar multiple of the KH -invariant vector ψ−ν ∈ J(−ν), and since ψ−ν(0, 0) = 1 we have
Aλ,−νφλ = Aλ,−νφλ(0, 0) · ψ−ν .
Hence,
ℓmodλ,ν (φλ, ψν) = Aλ,−νφλ(0, 0) ·
∫
NH
ψν(y,w) · ψ−ν(y,w) d(y,w)
= Aλ,−νφλ(0, 0) ·
∫
NH
((1 + |y|2)2 + 4|w|2)−ρH d(y,w),
the latter integral being a positive constant depending only on m, n and d.
3.2. Computation of Aλ,−νφλ(0, 0). We now compute the integral
Aλ,−νφλ(0, 0) =
∫
N
(|x|4 + 4|z|2) ν−ρH2 |x2|(λ−ρ)−(ν−ρH )((1 + |x|2)2 + 4|z|2)−
λ+ρ
2 d(x, z).
To simplify notation we abbreviate
p = (n− 1)d, p′ = (m− 1)d, p′′ = (n−m)d, q = d− 1,
then the integral becomes
=
∫
Rp
′
∫
Rp
′′
∫
Rq
((|x1|2 + |x2|2)2 + 4|z|2)
2ν−p′−2q
4 |x2|λ−ν−
p′′
2
((1 + |x1|2 + |x2|2)2 + 4|z|2)−
2λ+p+2q
4 dz dx2 dx1.
Using polar coordinates on Rp
′
, Rp
′′
and Rq as well as the volume formula vol(Sk−1) = 2pi
k
2
Γ(k
2
)
this simplifies to
=
π
p+q
2
2q−3Γ(p
′
2 )Γ(
p′′
2 )Γ(
q
2 )
∫ ∞
0
∫ ∞
0
∫ ∞
0
((r2 + s2)2 + t2)
2ν−p′−2q
4
((1 + r2 + s2)2 + t2)−
2λ+p+2q
4 rp
′−1sλ−ν+
p′′
2
−1tq−1 dr ds dt.
With (A.1) we first calculate the integral over t:
=
π
p+q
2 Γ(2λ−2ν+2p
′+p′′+2q
4 )
2q−2Γ(p
′
2 )Γ(
p′′
2 )Γ(
2λ−2ν+2p′+p′′+4q
4 )
∫ ∞
0
∫ ∞
0
rp
′−1sλ−ν+
p′′
2
−1(r2+s2)ν−
p′
2
−q(1+r2+s2)−λ−
p
2
× 2F1
(
−2ν−p′−2q4 , q2 ; 2λ−2ν+2p
′+p′′+4q
4 ; 1 − (1+r
2+s2)2
(r2+s2)2
)
dr ds.
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Substituting (r, s) = (x cos θ, x sin θ), x > 0, 0 < θ < pi2 gives
=
π
p+q
2 Γ(2λ−2ν+2p
′+p′′+2q
4 )
2q−2Γ(p
′
2 )Γ(
p′′
2 )Γ(
2λ−2ν+2p′+p′′+4q
4 )
∫ pi
2
0
cosp
′−1 θ sinλ−ν+
p′′
2
−1 θ dθ
×
∫ ∞
0
xλ+ν+
p′′
2
−2q−1(1 + x2)−λ−
p
2 2F1
(
−2ν−p′−2q4 , q2 ; 2λ−2ν+2p
′+p′′+4q
4 ; 1− (1+x
2)2
x4
)
dx.
Evaluating the first integral using (A.7) and using the Euler transformation formula (A.2) on
the hypergeometric function we obtain
=
π
p+q
2 Γ(2λ−2ν+2p
′+p′′+2q
4 )Γ(
2λ−2ν+p′′
4 )
2q−1Γ(p
′′
2 )Γ(
2λ−2ν+2p′+p′′+4q
4 )Γ(
2λ−2ν+2p′+p′′
4 )
∫ ∞
0
x−λ+ν−p
′− p′′
2
−2q−1
× 2F1
(
2λ+p+2q
4 ,
2λ−2ν+2p′+p′′+2q
4 ;
2λ−2ν+2p′+p′′+4q
4 ; 1− (1+x
2)2
x4
)
dx.
Substituting y = 1+x
2
x2
we obtain
=
π
p+q
2 Γ(2λ−2ν+2p
′+p′′+2q
4 )Γ(
2λ−2ν+p′′
4 )
2qΓ(p
′′
2 )Γ(
2λ−2ν+2p′+p′′+4q
4 )Γ(
2λ−2ν+2p′+p′′
4 )
∫ ∞
1
(y − 1) 2λ−2ν+2p
′+p′′+4q−4
4
× 2F1
(
2λ+p+2q
4 ,
2λ−2ν+2p′+p′′+2q
4 ;
2λ−2ν+2p′+p′′+4q
4 ; 1− y2
)
dy.
Using the Euler integral representation (A.3) we further find
=
π
p+q
2 Γ(2λ−2ν+p
′′
4 )
2qΓ(p
′′
2 )Γ(
q
2)Γ(
2λ−2ν+2p′+p′′
4 )
∫ ∞
0
t
2λ−2ν+2p′+p′′+2q−4
4 (1 + t)
2ν−p′−2q
4
×
∫ ∞
1
(y − 1) 2λ−2ν+2p
′+p′′+4q−4
4 (1 + ty2)−
2λ+p+2q
4 dy dt
The inner integral can be calculated using (A.4):
=
π
p+q
2 Γ(2λ−2ν+p
′′
4 )Γ(
2λ−2ν+2p′+p′′+4q
4 )Γ(
2λ+2ν+p′′
4 )
2qΓ(p
′′
2 )Γ(
q
2)Γ(
2λ−2ν+2p′+p′′
4 )Γ(
2λ+p+2q
2 )
∫ ∞
0
t−
2ν−p′+4
4 (1 + t)
2ν−p′−2q
4
× 2F1
(
2λ+2ν+p′′
8 ,
2λ+2ν+p′′+4
8 ;
2λ+p+2q+2
4 ;−t−1
)
dt.
Substituting x = t−1 we find
=
π
p+q
2 Γ(2λ−2ν+p
′′
4 )Γ(
2λ−2ν+2p′+p′′+4q
4 )Γ(
2λ+2ν+p′′
4 )
2qΓ(p
′′
2 )Γ(
q
2)Γ(
2λ−2ν+2p′+p′′
4 )Γ(
2λ+p+2q
2 )
∫ ∞
0
x
q−2
2 (1 + x)
2ν−p′−2q
4
× 2F1
(
2λ+2ν+p′′
8 ,
2λ+2ν+p′′+4
8 ;
2λ+p+2q+2
4 ;−x
)
dx.
Finally the last integral can be calculated using (A.5):
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=
π
p+q
2 Γ(2λ−2ν+p
′′
4 )Γ(
2λ−2ν+2p′+p′′+4q
4 )Γ(
2λ+2ν+p′′
4 )Γ(
2λ−2ν+2p′+p′′
8 )
2qΓ(p
′′
2 )Γ(
2λ−2ν+2p′+p′′
4 )Γ(
2λ+p+2q
2 )Γ(
2λ−2ν+2p′+p′′+4q
8 )
× 3F2
(
2λ+2ν+p′′
8 ,
2λ−2ν+2p′+p′′+4q
8 ,
q
2 ;
2λ+p+2q+2
4 ,
2λ−2ν+2p′+p′′+4q
8 ; 1
)
.
Simplifying the hypergeometric function 3F2 to 2F1, evaluating it with (A.6) and simplifying
the whole expression using the duplication formula Γ(z)Γ(z + 12) = 2
1−2z√πΓ(2z) we get
=
π
p+q
2 Γ(2λ−2ν+p
′′
4 )Γ(
2λ+2ν+p′′
4 )Γ(
2λ+p+2q+2
4 )
Γ(p
′′
2 )Γ(
2λ+p+2q
2 )Γ(
2λ+p+2
4 )
which is the desired identity.
4. Estimating the proportionality constants
In this section we estimate the size of the scalar bf,g relating the automorphic and the model
invariant bilinear form. The technique we use is due to Bernstein–Reznikov [2] and was applied
in two other situations in [8, 10]. We therefore omit the details and only point out, at which
steps one has to modify the arguments slightly.
4.1. Hermitian forms and construction of test functions. For a Maass form f ∈ L2(X)
with Langlands parameter λ ∈ iR let
Hautf (φ) =
∫
ΓH\H
|φ(h)|2 dh, φ ∈ Vf ,
thenHautf is anH-invariant Hermitian form on Vf . As explained in [2,8,10], for an orthonormal
sequence {gj}j ⊆ L2(Y ) of Maass forms on Y with Langlands parameters νj ∈ iR the following
inequality holds: ∑
j
|bf,gj |2Hmodλ,νj (u) ≤ Haut(θu) ∀u ∈ I(λ), (4.2)
where the H-invariant Hermitian form Hmodλ,ν on I(λ) is given by
Hmodλ,ν (u) = ‖Amodλ,−νu‖2L2(Fm−1⊕Im F), u ∈ I(λ).
Lemma 4.1. There exist C1, C2 > 0 and ξ ∈ C∞c (G), ξ ≥ 0, such that for T ≫ 0 and all
Maass forms f ∈ L2(X) and g ∈ L2(Y ) with Langlands parameters λ, ν ∈ iR, |λ|, |ν| ≤ T ,
there exists a test function uT ∈ C∞c (Fn−1 ⊕ ImF) ⊆ I(λ) of L2-norm one such that
(1)
∫
GH
mod
λ,ν (πλ(k)uT )ξ(k) dk ≥ C1 · T−2ρ,
(2)
∫
GH
aut
f (θpiλ(k)uT )ξ(k) dk ≤ C2.
Proof. The same statement in the context of (G,H) = (GL(3,R),GL(2,R)) is proven in
[10, Lemma 4.1], and we only provide the necessary details to translate the proof to our
setting. First, we note that Kλ,ν((x, z), (0, 0)) = 1 for (x, z) = (en−1, 0) ∈ Fn−1 ⊕ ImF. Let
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u ∈ C∞c (Fn−1⊕ ImF), u ≥ 0, with support in a sufficiently small neighborhood around (0, 0),
normalized to have L2-norm one. Then
uT (x, z) = T
p+2q
2 u(T (x− en−1), T 2z), (x, z) ∈ Fn−1 ⊕ ImF,
defines a function uT ∈ C∞c (Fn−1 ⊕ ImF) ⊆ I(λ) of L2-norm one with support around
(en−1, 0). As in [10, Lemma 4.1] one shows that (πλ(k)Kλ,ν)((x, z), (0, 0)) ∼ 1 whenever
(x, z) ∈ suppuT , |λ|, |ν| ≤ T and k is contained in some identity neighborhood U ⊆ G. This
implies
Aλ,−νπ(k)uT (0, 0) ∼
∫
Fn−1⊕Im F
uT (x, z) d(x, z) = const ·T−ρ
for k ∈ U , |λ|, |ν| ≤ T and T ≫ 0. Then for any left-KH -invariant function ξ ∈ C∞c , ξ ≥ 0,
with ξ|U ≡ 1 we obtain∫
G
Hmodλ,ν (πλ(k)uT )ξ(k) dk =
∫
G
|Amodλ,−νπλ(k)uT (0, 0)|2ξ(k) dk ≥ C1 · T−2ρ,
which shows (1). For (2) the argument is the same as in [10, Lemma 4.1].
Proposition 4.2. There exists a constant C3 > 0 such that∑
|νj |≤T
|bf,gj |2 ≤ C3 · T 2ρ ∀ f with |λ| ≤ T.
Proof. Apply Lemma 4.1 to the inequality (4.2), then the claim follows (see [10, Proposition
4.2] for details).
4.2. Proof of the main results. Theorem A now follows from (2.1) together with Corol-
lary 3.3 and Proposition 4.2 after replacing the Langlands parameters λ and ν by the eigen-
values a = ρ2−λ2 and b = ρ2H − ν2. Corollary B easily follows from Theorem A by fixing one
of the Maass forms.
Appendix A. Integral formulas
For α, β > 0 and 0 < Reλ < 2Re(µ+ ν) we have (see [6, equation 3.259 (3)])∫ ∞
0
xλ−1(1 + αx2)−µ(1 + βx2)−ν dx =
1
2
α−
λ
2B
(
λ
2
, µ+ ν − λ
2
)
2F1
(
ν,
λ
2
;µ + ν; 1− β
α
)
.
(A.1)
The Euler transformation formula holds (see [1, equation (2.2.7)]):
2F1(α, β; γ;x) = (1− x)γ−α−β2F1(γ − α, γ − β; γ;x). (A.2)
The Euler integral representation holds for Re(γ − β),Re β > 0 (see [1, equation (2.3.17)]):
2F1(α, β; γ; 1 − x) = Γ(γ)
Γ(γ − β)Γ(β)
∫ ∞
0
tβ−1(1 + t)α−γ(1 + xt)−αdt. (A.3)
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The following integral formula holds for 0 ≤ β < 1 and 0 < Reµ < Re(λ−2ν) (see [6, equation
3.254 (2)] for λ = 0 and u = 1):∫ ∞
1
(x− 1)µ−1(x2 + β)νdx = Γ(µ)Γ(−µ− 2ν)
Γ(−2ν) 2F1
(
−µ
2
− ν, 1− µ
2
− ν; 1
2
− ν;−β
)
. (A.4)
Using Pfaff’s transformation formula (see [1, equation (2.2.6)])
2F1(α, β; γ;x) = (1− x)−α2F1
(
α, γ − β; γ; x
x− 1
)
and the following integral formula which holds for Re ρ,Re σ,Re(γ + σ − α− β) > 0 (see [6,
equation 7.512 (5)])∫ 1
0
xρ−1(1− x)σ−12F1(α, β; γ;x)dx = Γ(ρ)Γ(σ)
Γ(ρ+ σ)
3F2(α, β, ρ; γ, ρ + σ; 1)
it is easy to see by a simple substitution that for Re ρ,Re(α−σ−ρ+1),Re(β−σ−ρ+1) > 0
we have∫ ∞
0
xρ−1(1+x)σ−12F1(α, β; γ;−x)dx = Γ(ρ)Γ(α− σ − ρ+ 1)
Γ(α− σ + 1) 3F2(α, γ−β, ρ; γ, α−σ+1; 1).
(A.5)
For Re(γ − α− β) > 0 we have the Gauß special value (see [1, Theorem 2.2.2])
2F1(α, β; γ; 1) =
Γ(γ)Γ(γ − α− β)
Γ(γ − α)Γ(γ − β) . (A.6)
For Reµ,Re ν > 0 we have (see [6, equation 3.621 (5)])∫ pi
2
0
sinµ−1 θ cosν−1 θdθ =
1
2
B
(µ
2
,
ν
2
)
. (A.7)
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